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QUANTUM COHOMOLOGY OF GRASSMANNIANS MODULO
SYMMETRIES
HARALD HENGELBROCK
Abstrat. The quantum ohomology of Grassmannians exhibits two symme-
tries related to the quantum produt, namely a Z/n ation and an involution
related to omplex onjugation. We onstrut a new ring by dividing out these
symmetries in an ideal theoreti way and analyze its struture, whih is shown
to ontrol the sum of all oeients appearing in the produt of ohomology
lasses. We derive a ombinatorial formula for the sum of all Littlewood-
Rihardson oeients appearing in the expansion of a produt of two Shur
polynomials.
1. Introdution
In the quantum Shubert alulus of the Grassmannians there appear two kinds
of important symmetries, one a yli symmetry as desribed in [1℄, another is an
involution related to omplex onjugation, see [5, 9, 8℄. In the representation of
Shubert lasses as omplex funtions on a nite set of points in omplex spae,
these symmetries at by hanging the omplex diretion of the funtion values. In
order to understand the invariant aspets of quantum Shubert alulus it should
therefore be rewarding to understand the absolute value of the Shubert lass fun-
tions. It turns out that the value of Shubert lasses on ertain real points already
determines an interesting numerial aspet of this struture. This leads to the def-
inition of a quotient ring, whih will be the oordinate ring of these points. Next,
the quantum Shubert alulus modulo symmetries is already governed by the up
produt of Shubert lasses whose Young diagram is ontained in a small subsquare.
This is the ontent of Theorem 4.8.
We introdue a bilinear pairing on the quantum ohomology ring, whih is just the
sum over all oeients in the Shubert basis expansion of a produt of two lasses.
The ideal dening the quotient ring above is just the zero spae of the bilinear pair-
ing. In this sense, the quotient ring desribes quantum Shubert alulus modulo
numerial equivalene . This results in a simple ombinatorial desription of this
pairing in the ontext of symmetri funtions in Corollary 4.10.
Furthermore, we observe another symmetry related to a parameterization of points
of the quantum ohomology spetrum by Young diagrams as in [8℄. The double
speialization formula of Stembridge, see [13℄, indues a strong symmetry of points
and Shubert lasses, whih identies two sets of strutures on the quantum oho-
mology.
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2. Complex onjugation and Z/n ation
Notation 2.1. Consider G(k, n), the Grassmannian of k−planes in Cn with tauto-
logial bundle S, and the quantum ohomology ring R with deformation parameter
q set to 1. This ring has the following presentation, see [11℄:
R = C[σ1, . . . , σk]/(Yn−k+1, . . . , Yn + (−1)k)
l := n− k, σi := ci(S), Yi := si(S)
We will denote by Sλ the Shubert lass assoiated to the Young diagram λ =
(λ1, . . . , λl). Denote by G the set of Young diagrams ontained in a (l, k)−retangle.
The ring R has a vetor spae basis onsisting of Shubert lasses represented by
Young diagrams in G. The generators σi of R are represented by diagrams with
i boxes in the rst row and zero boxes in all others. Three point GW-invariants
of ohomology lasses will be denoted by 〈A,B,C〉 for general lasses A,B,C.
Poinaré duality on R will be denoted by thê -symbol. We use ∗ for the quantum
produt, and ∪ for the lassial up produt. For standard fats related to the
quantum ohomology ring of Grassmannians we refer to [2℄.
On R, there is a Z/n ation, given by multipliation with powers of σk, see [1,
Setion 7℄. This ation indues equalities〈
σak ∗A, σbk ∗B, σn−a−bk C
〉
= 〈A,B,C〉
for A,B,C ∈ R, see [1, Proposition 7.2℄. There is an involution on R, whih is just
omplex onjugation, where we think of a ohomology lass as a omplex funtion
on Spe R, see [5℄, or [9, 8℄, in a dierent ontext. This involution operates on
Shubert lasses by dualizing the subdiagrams right and below the Durfee square:
Sλ S¯λ
Figure 2.1. Complex onjugation
For λ ∼ (λ1, . . . , λl), writing dλ for the length of the Durfee square, Sλ will be
represented by (µ1, . . . , µl) with
(2.1) µi =
{
dλ + k − λdλ−i+1 : i ≤ dλ
dλ − λl−i+dλ+1 : i > dλ.
Algebraially, this involution an be written as
(2.2) Sλ = ̂Sλ ∗ CP ,
where CP is the lass of a point on G(k, n).
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Complex onjugation yields an important equation of GW-invariants:
(2.3) 〈A,B,C〉 =
〈
Â, B̂, C
〉
A,B,C ∈ R.
This equation implies that omplex onjugation is a partial inversion: A ∗ B =∑
ciCi, where ci is the oeient of A in Ci ∗ B. By 2.3, for any lass A ∈ R,
multipliation by A ∗ A indues a semipositive denite symmetri endomorphism
of the vetor spae R. Denote by P1, . . . , PN the points of Spe R, then A is
represented by the vetor


A(P1)
.
.
.
A(PN )

 , and A ∗A will be


|A(P1)|2
.
.
.
|A(PN )|2

 .
Beause of
σrk ∗A = σn−rk ∗A,
the map A 7→ A ∗A is invariant on the orbits of Z/n ation and of ourse omplex
onjugation. The absolute value of Shubert lasses should therefore enode its
invariant aspets.
In the ombinatorial setting, we have following property of the map
(2.4) ϕ : A 7→ A ∗A :
we dene for any A =
∑
cλSλ ∈ R
|A|2 =
∑
cλcλ,
e.g. the square of the hermitian norm with respet to the Shubert basis. |A|2 is
the oeient of 1 in the expansion of the produt A ∗A, sine〈
A,A,CP
〉
=
∑
λ,µ
cλcµ
〈
Sλ, Sµ, CP
〉
=
∑
λ
cλcλ
〈
Sλ, Sλ, CP
〉
=
∑
λ,µ
cλcµ,
where we used 2.2. Sine the quantum produt is homogenous mod n, the quan-
tum ring arries a natural mod n grading. Dene R0 ⊆ R to be the subring
of homogenous elements of degree 0 mod n, and dene Rinv to be the subring of
lasses invariant under omplex onjugation, that is, the real lasses. Then ϕ maps
Shubert lasses into the subring R0 ∩Rinv. For Shubert lasses Sλ, Sµ the value
|Sλ ∗ Sµ|2 = Sλ ∗ Sµ ∗ Sλ ∗ Sµ |1
depends only on the values of ϕ on Sλ, Sµ : The last expression is just the salar
produt of the oeient vetors of ϕ(Sλ) and ϕ(Sµ). Below, we will see that a
related map ontrols the sum
∑
cλ in a similar way.
3. Symmetries of points and Shubert lasses
There is the following desription of the points of Spe R, see [8℄. For any λ ∈ G
write λ = (λ1, . . . λl). Consider the set I of all tuples Iλ = (i1, . . . , il) indexed by
λ ∈ G, where ij = l+12 + λj − j. We x ξ to be any primitive n-th root of unity,
and, in ase l even, ξ
1
2
to be any primitive 2n -th root of unity. Then to any Iλ we
an assoiate a point Pλ ∈ Spe R →֒ Ck by the following map:
Iλ = (i1, . . . , il) 7→ (h1(ξi1 , . . . , ξil), . . . , hk(ξi1 , . . . , ξil)),
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where the hi are the full homogenous symmetri polynomials of degree i in l vari-
ables. Abusing notation, we will sometimes write PS for the point orresponding to
any Shubert lass S, so P1 is the point assoiated to the empty diagram. Sλ(P1)
is invariant under omplex onjugation, therefore real, and also positive, see [8,
Theorem 8.4℄.
Proposition 3.1. (Double speialization formula) Consider the matrixM := (Sλ(Pµ))λ,µ.
M is symmetri modulo division by the P1, that is
(3.1)
Sλ(Pµ)
Sλ(P1)
=
Sµ(Pλ)
Sµ(P1)
.
Proof. This identity is an easy onsequene of the denition of Shur polynomials,
see [12, Exerise 7.32a℄:
As a symmetri funtion in k variables x1, . . . , xk, the Shur polynomial an be
dened as
Sλ =
det
(
x
λj+k−j
i
)
1≤i,j≤k
det
(
xk−ji
)
1≤i,j≤k
,
see [7℄, I (3.1). In this sense, Sλ(Pµ) will be Sλ(ξ
Iµ ). Proving the identity 3.1,
beause of anellation, it is enough to alulate the left hand side with I ′µ =
(µ1 + k − 1, µ2 + k − 2, . . . , µk). By [8, Lemma 4.4℄, we an assume l ≤ k. Filling
up the Young diagrams with zero rows we an assume l = k. We need to prove:
Sλ(ξ
I′µ )
Sλ(ξI
′
1)
=
Sµ(ξ
I′λ)
Sµ(ξI
′
1 )
.
Sλ(ξ
I′µ)
Sλ(ξI
′
1 )
=
det (ξµi+k−i+λj+k−j)
i,j
det (ξµi+k−i+k−j)
i,j
det (ξk−i+λj+k−j)
i,j
det (ξk−j+k−j)i,j
=
det
(
ξµi+k−i+λj+k−j
) · det (ξk−i+k−j)
det (ξk−i+λj+k−j) · det (ξµi+k−i+k−j) .
We observe that the expression on the right is symmetri in λ and µ. 
Remark 3.2. The identity 3.1 is a speial ase of a double speialization formula
of Stembridge, see [13, Therorem 7.4℄. This paper also inludes referene to the
Madonald polynomial onjeture, whih is a further generalization.
Example 3.3. n = 4, k = 2, ξ = i, ξ
1
2 = i+1√
2
:
S0,0 S1,0 S2,0 S1,1 S2,1 S2,2
P0,0 1
√
2 1 1
√
2 1
P1,0 1 0 i −i 0 −1
P2,0 1
√
2i −1 −1 −√2i 1
P1,1 1 −
√
2i −1 −1 √2i 1
P2,1 1 0 −i i 0 −1
P2,2 1 −
√
2 1 1 −√2 1
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After division of the row orresponding to P0,0 we get a symmetri matrix:
S0,0 S1,0 S2,0 S1,1 S2,1 S2,2
P0,0 1 1 1 1 1 1
P1,0 1 0 i −i 0 −1
P2,0 1 i −1 −1 −i 1
P1,1 1 −i −1 −1 i 1
P2,1 1 0 −i i 0 −1
P2,2 1 −1 1 1 −1 1
We have the following result for the values of the Sλ on Pσk , or the value of σk on
points Pλ:
Lemma 3.4.
Sλ(Pσk )
Sλ(P1)
= σk(Pλ) = ξ
d, where d is the degree of Sλ modulo n.
Proof. We note that, by denition, for any Iλ = (i1, . . . , il) the sum
∑
ij is just the
degree of Sλ. Now, taking ei to be the i-th elementary symmetri polynomial and
λt = (λt1, . . . , λ
t
k) the transposed Young diagram, hk(ξ
Iλ) = ek(ξ
Iλt ), see [8, Proof
of Lemma 4.4℄, and ek(ξ
Iλt ) = ξλ
t
1 · · · ξλtk = ξ|Iλt | = ξ|Iλ|. 
One immediate onsequene of this Lemma is that the number of orbits under the
Z/n ation is the same as the number of Shubert lasses in R0, the subring of
lasses of degree zero modulo n:
Proposition 3.5. dimCR0 = #{Orbits under the Z/n ation}
Proof. The number of orbits under the Z/n ation is equal to the dimension of
R/(σk − 1), sine the relation (σk − 1) identies exatly Shubert lasses in the
same orbit. Sine we are dividing out a hyperplane, dim R/(σk − 1) will be the
number of points Pλ ∈ Spe R with σk(Pλ) = 1. The statement now follows from
the previous lemma. 
The equivalent of the Z/n ation on points is multipliation with roots of unity.
Dening Ξ = (ξ, ξ2, . . . , ξk), the ation is indued by omponent wise multipliation
of the vetor Pλ ∼ (σ1(Pλ), . . . , σk(Pλ)) with powers of Ξ.
4. Quantum ohomology modulo symmetries
Denition 4.1. (see Figure 4.1) For the ohomology ring G of the Grassmannian
G(k, n), with l := n− k, dene the subvetorspae GS to be spanned by the lasses
assoiated to Young diagrams ontained in the [k2 ]× [ l2 ] retangle, where [ ] means
rounding down. Abusing notation, we will sometimes onsider GS to be the set of
Young diagrams ontained in this retangle.
We dene a map from GS ×GS 7→ G by assigning two Shubert lasses Sλ and Sµ
the lass Sλ(Sµ) dened by embedding the Young diagram of Sµ into the diagram
of Sλ in the following way:
n = 8, k = 4, λ = , µ = , λ =
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Sλ(Sµ) ∼=
Suh an embedding is always possible, sine for Sλ ∈ GS , Sλ always has an empty
[k2 ] × [ l2 ] retangle at the outer orner of the Durfee square. Numerially, with dλ
the length of the Durfee square, and λ ∼= (λ1, . . .,λl), µ ∼= (µ1, . . . , µl), Sλ(Sµ) is
given by (ν1, . . . , νl)
(4.1) νi =
{
dλ + k − λdλ−i+1 : i ≤ dλ
µi−dλ + dλ − λl−i+dλ+1 : i > dλ.
GS
Figure 4.1. The l × k box with subretangle GS
Remark 4.2. The subsquare GS is the biggest subretangle with the property that
quantum produt is just ordinary up produt without any utting o.
Proposition 4.3. All Shubert lasses of degree zero mod n invariant under om-
plex onjugation are of type Tα(Tα) for some α ∈ GS .
Proof. Take a Shubert lass Sλ ∈ GS . We laim that the Young diagram Sλ(Sλ)
is invariant. This follows from a diret alulation using 4.1 and 2.1.
Now let Sλ be a degree 0 invariant Shubert lass. By 2.1,
deg Sλ = ndλ − deg Sλ,
so for Sλ we have ndλ = 2 deg Sλ = 2na for some a ∈ N. The length of the Durfee
square is even, so we an reverse the onstrution. With Sλ = (λ1, . . . , λl), the
orresponding lass S ∈ GS is given by µ = (µ1, . . . , µ[ l2 ], 0, . . . , 0),
µi = λdλ/2+i − dλ/2, i ≤
[
l
2
]
.
It follows from 2.1 that Sλ is already determined by the µi, and that µ is ontained
in GS : the subdiagrams right and below of the Durfee square of µ orrespond to
lower halves of selfdual Young diagrams, so they an not extend over more than half
of the length or height of the retangle. Also, the Durfee square itself has length
dλ
2 . 
We prove the following important desription for the produt of two lasses in GS :
Proposition 4.4. For Sλ, Sµ ∈ GS ,
(4.2)
〈
Sλ, Sµ ̂, Tα(Tβ)
〉
=
∑
Tν∈GS
〈
Ŝλ, Tα, Tν
〉〈
Tν , Tβ, Ŝµ
〉
,
and Sλ ∗ Sµ =
∑
α,β
〈
Sλ, Sµ ̂, Tα(Tβ)
〉
Tα(Tβ).
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Proof. We will use the desription of quantum produt by rim hook redution as
in [2℄, see also [3℄ for a simple proof. All diagrams with nontrivial redution will
have a struture as indiated in Figure 4.2, I.
Left subdiagram
Middle subdiagram
Right subdiagram
I II
Figure 4.2. Skew diagrams assoiated to Sλ ∪ Sµ and Sλ ∗ Sλ
We will now enumerate all semistandard skew tableaux appearing in Sλ∪Sµ whose
assoiate word is a reverse lattie word and whose redution is of shape Tα(Tβ)
for xed α, β. Note that suh diagrams must have β as middle subdiagram, sine
any removable rim hook must extend over the width and length of GS , suh that
the redution will again have a shape similar to Figure 4.2, with β insribed in
the middle. Now take the set of all diagrams reduing to Ta(Tβ) by the rim hook
redution. For any suh xed diagram, the number of reverse lattie word om-
pletions is the same as for the skew diagram obtained by exhanging the position
of the middle and left subdiagram as in Figure 4.2, II , by reason of ommuta-
tivity and assoiativity of the produt in the tableaux ring, see [4, 5.1℄. It is
easy to enumerate theses skew tableaux: looking at the set of skew diagrams with
ontent Tν in the right and middle subdiagram we nd that this number is just〈
Sλ, Tν , T̂α
〉
=
〈
Sλ, T̂ν , Tα
〉
=
〈
Ŝλ, Tν , Tα
〉
, where we used 2.3, sine the rim
hook redution is independent of the subdiagram insribed in the middle. Now,
for a xed ompletion of the middle and right subdiagram of ontent Tν , we an
enumerate all possible ompletions of the left one. By one of the denitions of the
Littlewood-Rihardson rule, see [4, 5.2, Corollary 2℄, we nd that this number is
indeed
〈
Tν , Tβ, Ŝµ
〉
. Summing up, we get 4.2. The argument above also shows
that rim hook redution will only result in diagrams of shape Tα(Tβ) for some
α, β ∈ GS . 
Remark 4.5. Using 2.3, the formula 4.2 an be interpreted as a restrited assoia-
tivity equation for the produt Sλ ∗ Tα ∗ Tβ. In this sense, the lass Tα(Tβ), whih
appears in Tα ∗ Tβ, orresponds to restriting the assoiativity equation to lasses
Tν in GS .
Example 4.6. Let n = 12, k = 6, λ = , µ = , α = , β = . The
oeient of Tα(Tβ) ∼= in Sλ ∗ Sµ is equal to the number of pairs of
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semistandard skew tableaux on the shapes λ/α and µ/β of same ontent, satisfying
the reverse lattie word ondition, as in the gure below:
1
2
1
2
.
In our example,
〈
Sλ, Sµ ̂, Tα(Tβ)
〉
will be 2.
Assoiate to Sλ ∈ GS the symmetri matrix
Aλ :=
(〈
Ŝλ, Tα, Tβ
〉)
α,β∈GS
.
The produt Sλ ∗ Sµ is determined by the matrix produt Aλ ∗Atµ.
The strong ombinatorial desription of the produt Sλ ∗ Sµ should be helpful
for further understanding the unlimited up produt Sλ ∗ Sµ = Sλ ∪ Sµ. The
relationship between Sλ ∗ Sµ and Sλ ∗ Sµ reets a symmetry between adding and
removing skew diagrams in a quantum sense, see 2.3. In the following we will see
that Sλ and Sλ display an idential numerial behaviour.
Denition 4.7. Dene the lass P :=
∑
λ Sλ. The ideal Ann P should be on-
sidered as onsisting of relations (Sλ − φ(Sλ)) where φ is a symmetry map. We
will also onsider the bilinear pairing 〈A,B〉s =
∑
Tλ∈G < A,B, Tλ >= 〈A,B, P 〉 ,
whih is just the sum over all oeients appearing in the Shubert basis represen-
tation of produts of lasses A,B ∈ R. Ann P is obviously the zero spae of 〈·, ·〉s
and an be onsidered to be the ideal of relations of numerially equivalent lasses
with respet to 〈·, ·〉s .
Taking σ0 := 1, we wish to show the following
Theorem 4.8. Ann P ∼= ({σk−i− σi}i), and RP := R/Ann P as a vetor spae is
isomorphi to GS .
Remark 4.9. We have ({σk−i − σi}) = ({σi − σi}, σk − 1) ) {Sλ − Sλ, Sλ − σikSλ :
Sλ ∈ R}, whih shows that Ann P identies all the orbits under the Z/n ation
and omplex onjugation.
Let V be a vetor spae with basis {vλ} indexed by the Shubert lasses in GS .
Then the map
(4.3)
ψ : GS → V
Sλ 7→
∑
ν∈GS
∑
λ∈GS
〈
Ŝ, Tλ, Tµ
〉
vν
is an isomorphism of vetor spaes, sine the orresponding matrix an be arranged
to be triangular with 1 on the diagonal: the oeient of vν in ψ(Sλ) will only
be nonzero if the diagram ν is ontained in λ, and 1 if ν = λ. The bilinear form
〈−,−〉s simply beomes the standard salar produt under this map. Sine, by the
Theorem, 〈−,−〉s desends to RP , we dedue the following Corollary, see Remark
4.2:
Corollary 4.10. Consider the Littlewood-Rihardson expansion of the produt of
two Shur polynomials in the ring of symmetri funtions:
Sλ ∗ Sµ =
∑
cvλ,µSν .
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The sum
∑
ν c
ν
λ,µis idential to ∑
α,β,ν
cλα,ν · cµβ,ν.
Proof. (of the Theorem) Dene I := ({σk−i − σi}i).We rst show that I ⊆ Ann P .
It is obvious that σk − 1 ∈ Ann P. We will show σi − σi ∈ Ann P, whih by
4.4 implies σk−i − σi ∈ Ann P. By an appliation of omplex onjugation we nd
σi ∗ P | Ŝλ = σi ∗ P | Ŝλ :
〈σi, P, Sλ〉 =
∑ 〈σi, Sλ, Ti〉 =∑ 〈σi, Sλ, Ti〉2 = σi ∗ Sλ ∗ Sλ ∪ σ̂i
=
∑ 〈σi, σi, Ti〉 〈Sλ, Sλ, Ti〉 =∑ 〈σi, Sλ, Ti〉2
=
∑ 〈σi, Sλ, Ti〉 = 〈σi, P, Sλ〉 ,
using 4.10, 4.4 and assoiativity of quantum multipliation together with the fat
that 〈σi, Sλ, Ti〉 is either 1 or 0. We observe that the lasses in GS have no relations
in Ann P : this an be translated into the fat that 〈·, ·〉s = 〈·, ·, P 〉 is nondegenerate
on GS , whih follows from the disussion after the Theorem.
Now it is enough to show that the dimension of R/I does not exeed the number
of Shubert lasses in GS . We observe that Spe R/I onsists of all real points
Pλ ∈ Spe R with σk(Pλ) = 1, sine
(4.4) σi = σk−i ∗ σk,
so the relations σk−i−σi guarantee that the imaginary part of any Pλ with σk(Pλ) =
1 vanishes. But these points, by Proposition 3.1 and Lemma 3.4, orrespond 1-
1 to Shubert lasses of degree zero mod n whih are invariant under omplex
onjugation. By Proposition 4.3, these are parameterized by Shubert lasses in
GS . We have proved
#{Pλ ∈ SpeR/I} ≤ #{Sλ ∈ GS},
whih implies the result. 
Remark 4.11. 1. The last statement in the previous proof an be seen diretly by
proving that every monomial in R an be represented mod I by monomials oming
from lasses in GS . This is done by arrying out the identiation of both generators
σi ∼ σk−i and dual generators σi ∼ σl−i.
2. The points of Spe RP are exatly the Pλ for whih Sλ is invariant of degree zero
mod n. RP is the oordinate ring of these points and the quotient map R 7→ RP is
the restrition map. All elements of RP are real funtions.
3. It is obvious that all the Shubert lasses in the orbit of one Sλ ∈ GS are mapped
to this lass under the omposition
R→ RP ∼= GS .
In general, a Shubert lass will be mapped to a nonpositive linear ombination of
Shubert lasses in GS , as in the following example:
n = 8, k = 4 ⇒ GS ∼ G(2, 4).
Take
λ = .
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In GS , [λ] is represented by
+ + − 2.
Under the isomorphism ψ of 4.3, [λ] is represented by
+ + 2 + 2 + 3 + 1.
Note that this is a positive linear ombination.
5. Summary and Outlook
In this paper we observed the following set of dualities:
{Orbits under Z/n ation} ≈ R0
{Orbits under Z/n ation and omp. onj.} ≈ R0 ∩Rinv
RP ≈ {Sλ ∈ R0 ∩Rinv}.
The symmetry of Proposition 3.1 hints at a stronger relation beyond the equality
of dimensions as vetor spaes. This is espeially obvious in the third ase, where,
as in the ase of R, we nd a 1-1 orrespondene between points of Spe RP and
a Shubert basis of RP . The ring RP ontrols quantum Shubert alulus mod-
ulo numerial equivalene, whih implies that the orbits under the ations behave
numerially idential. We expet that the omposition R → RP ψ→ V results in
vetors with positive omponents for all Shubert lasses. A positive ombinato-
rial formula for this map would suggest a new rule for onstruting the quantum
produt. This is espeially interesting with regards to the positivity of the GW
invariants, whih is evident geometrially but not as lear algebraially.
It would be rewarding to nd an expliit relationship between produts Sλ ∗Sµ and
Sλ ∗Sµ, sine this would imply a better understanding of the lassial up produt,
e.g. with regards to the question as to what lasses appear with nonzero oeient.
Also, there might be a natural generalization to the quantum produt.
A part of the results for the Grassmannian should be extendable to other homoge-
nous varieties. For example, the variety of full ags in Cn arries a Z/n ation, see
[10℄, whih ats by shifting the word of a permutation. Computations indiate that
the zero spae of 〈·, ·〉s is generated by this ation. In analogy to the Grassmannian,
the quotient ring would have a vetor spae basis onsisting e.g. of Shubert lasses
whose permutations x n. The quantum produt should be nondegenerate on this
subset, that is, the linear map 〈Sω, ·〉s determines the Shubert lass. In analogy to
Proposition 3.5, the numer of orbits, (n−1)!, is idential to the number of Shubert
lasses of degree zero mod n, beause the number of permutations with t mod n
inversions is indeed (n− 1)!, see for example [6, 5.1.1, Exerise 13℄.
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